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In high-energy leptonic collisions well above the electroweak scale, the collinear splitting mechanism
of the electroweak gauge bosons becomes the dominant phenomena via the initial state radiation
and the final state showering. We point out that at future high-energy lepton colliders, such as
a multi-TeV muon collider, the electroweak parton distribution functions (EW PDFs) should be
adopted as the proper description for partonic collisions of the initial states. The leptons and
electroweak gauge bosons are the EW partons, that evolve according to the unbroken Standard
Model (SM) gauge group and that effectively resum potentially large collinear logarithms. We
present a formalism for the EW PDFs at the Next-to-Leading-Log (NLL) accuracy. We calculate
semi-inclusive cross sections for some important SM processes at a future multi-TeV muon collider.
We conclude that it is important to adopt the EW PDF formalism to reach reliable predictions for
future high-energy lepton colliders.
I. Introduction
With the discovery of the Higgs boson at the CERN
Large Hadron Collider (LHC), the particle spectrum of
the Standard Model (SM) is completed. The next target
at the energy frontier will be to study the Higgs prop-
erties and to search for the next scale beyond the SM
[1]. The physics potential for TeV-scale e+e− linear col-
liders, such as the International Linear Collider [2] and
the CERN Compact Linear Collider (CLIC) [3], has been
studied to great details. More recently, due to the break-
through in the cooling technology for a muon beam [4],
there has been renewed interest in constructing a µ+µ−
collider reaching a center-of-momentum energy (c.m. en-
ergy)
√
s ∼ O(10 TeV). Advancement of the wake-field
electron acceleration technology [5] has also been encour-
aging to have stimulated our ambition for reaching multi-
TeV threshold in leptonic collisions.
Lepton colliders provide a clean experimental environ-
ment for precision measurements of physical observables
and for discovery of new particles. Near a mass thresh-
old, the e+e− annihilation may produce a new particle
singly in the s-channel, or a particle/anti-particle in pair.
As the beam energy increases, the initial state radiation
(ISR) becomes substantial. It not only degrades the col-
liding energies of the leptons, but also generates new reac-
tions of the radiation fields. The most familiar phenom-
ena is the collinear photon radiation off the high energy
charged particles, with the leading order approximation
given by the Weizsa¨icker-Williams spectrum [6, 7]
Pγ,`(x) ≈ α
2pi
Pγ,`(x) ln
E2
m2`
, (1)
where the splitting functions are Pγ/`(x) = (1 + (1 −
x)2)/x for ` → γ and P`/`(x) = (1 + x2)/(1 − x) for
` → `, with an energy xE off the charged lepton beam
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FIG. 1. Production cross sections in µ+µ− collisions versus
the c.m. energy. The dashed falling curves are for the direct
µ+µ− annihilation, and the solid falling curves (slightly above
the dashed) include the ISR effects. The solid rising curves
are for γγ-EPA by Eq. (1) and the dashed rising curves are
from the leading-order γ-PDF at Q2 =
√
sˆ/2.
of energy E. This is the leading order effective photon
approximation (EPA).
In Fig. 1, we show some representative production
cross sections versus the µ+µ− c.m. energy
√
s for
µ+µ− →W+W−, ZZ, tt¯, ZH and tt¯H. (2)
The dashed (falling) curves are for the direct µ+µ− anni-
hilation, and the solid curves (slightly above the dashed)
include the ISR effects [8]. We see the typical fall of the
annihilation cross sections as 1/s. The ISR reduces the
c.m. energy at the collision and thus increases the cross
section. At
√
s = 10 TeV (30 TeV), the cross section for
µ+µ− → tt¯ production can be enhanced by 30% (40%)
due to the ISR effects. Owing to the logarithmic collinear
enhancement, the two-photon (γγ) fusion processes grow
double-logarithmically. We calculate the total cross sec-
tions with the EPA spectrum in Eq. (1) for
γγ →W+W−, tt¯ and tt¯H. (3)
Those processes take over the annihilation channels at
higher energies
√
s ≈ 2.5, 4.5, 11 TeV for W+W−, tt¯ and
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2tt¯H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At
√
s ≈ 30 TeV, the
production rate for γγ → tt¯ is higher by two orders of
magnitude than that for µ+µ− → tt¯ annihilation.
However, this description becomes inadequate at some
high scales. First, at high energies E  m`, the
large log (α/2pi) ln (E2/m2`) may be sizeable and needs
to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation effects, we plot the cross sections with the
leading-order γ-PDF with a scale Q =
√
sˆ/2, where
√
sˆ
is the γγ c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.
More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q2  M2Z , the SM
gauge symmetry SU(2)L⊗U(1)Y is effectively restored.
Consequently, the four EW gauge bosons (W±,3, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak (EW) parton
distribution functions (EW PDFs) [19, 20] dynamically
generated by the electroweak and Yukawa interactions.
The longitudinally polarized gauge bosons capture the
remnants of the EW symmetry breaking. The effects
are governed by power corrections of the order M2Z/Q
2
[21, 22], a measure of the Goldstone-Boson Equivalence
violation [15, 23], analogous to higher-twist effects in
QCD.
II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the effects of the SU(2)L
gauge bosons are suppressed by g2/M2Z . The gauge bo-
son radiation off a charged lepton beam (`± = e±, µ±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are
`R, `L, νL and B,W
±,3. (4)
We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration (yµ ∼ 6×10−4). How-
ever, the longitudinally polarized gauge bosons are the
messengers to retain the remnant effect of the electroweak
symmetry breaking, characterized by power corrections
of the order M2Z/Q
2. We will thus include them. Denote
an EW PDF as fi(x,Q
2) with i labelling a particle with
an energy fraction x at a factorization scale Q. The EW
PDFs evolve according to the full EW DGLAP equations
γ,Z,γZ
WT
WL
μL
μR
ν
Q=5 TeV
10
-4
0.001 0.010 0.100 1
0.01
0.10
1
10
100
1000
x
f i
(x
)
γ,Z,γZ
WT WT
WL WL
μμ
νν
Q=5 TeV
0.01 0.05 0.10 0.50 1
0.001
0.010
0.100
1
10
100
τ
d
L
ij
/d
τ
FIG. 2. Distributions for (a) EW PDFs fi(x) and, (b) parton
luminosities dLij/dτ at a factorization scale Q = 5 TeV.
[9–11]
d fi
d lnQ2
=
∑
I
αI
2pi
∑
j
P Ii,j ⊗ fj , (5)
where I specifies the gauge group, and the P Iij are the
splitting functions for j → i. The complete list of the EW
splitting functions for the SM chiral states are available
in Refs. [15, 16, 20]. The initial condition for a lepton
beam is f`(x,m
2
`) = δ(1−x) and it evolves as ln(Q2/m2`).
At the electroweak scale, the matching conditions are
fγ(x,M
2
Z) 6= 0, fZ(x,M2Z) = 0, fγZ(x,M2Z) = 0, with
a general relation fBfW 3
fBW 3
 =
 c2W s2W −cW sWs2W c2W cW sW
2cW sW −2cW sW c2W − s2W
 fγfZ
fγZ
 ,
where sW = sin θW is the weak mixing angle. The mixed
PDF fγZ (or fBW 3) represents a mix state and is im-
portant to account for the interference between the dia-
grams involving γ/Z [15, 16, 19]. Chiral couplings and
their RGE running are fully taken into account including
the correlation between the polarized PDFs and the cor-
responding polarized scattering amplitudes. With one-
loop virtual corrections, our results are accurate at the
next-to-leading-log (NLL) order. In Fig. 2(a), we present
EW PDFs for the states in Eq. (4) for ` = µ with a scale
Q = 5 TeV. As expected, the fermionic states sharply
peak at x ≈ 1, while the bosonic states peak at x ≈ 0,
reflecting the infrared behavior. It is noted that there is
an enhanced rate at small x for the fermions, deviating
from the leading order behavior ∼ 1/(1−x). This is due
to the higher order return from the soft γ∗/Z∗/W ∗ split-
ting. Owing to the large flux of photons at low scales,
the neutral EW PDFs are largest. Unlike all the other
EW PDFs that scale logarithmically with Q, the longi-
tudinal gauge bosons (WL, ZL) do not scale with Q at
the leading order [15, 16, 24]. We have not included the
Higgs boson and the Goldstone bosons. Although their
PDFs all run logarithmically, the Yukawa couplings to
the leptons are highly suppressed. If we are interested in
some subtle physics effects of the order (M2Z/sˆ) ∼ 10−4,
the muon Yukawa contribution may become relevant.
III. Cross sections for Semi-inclusive Processes in
µ+µ− Collisions
We write the production cross section of an exclusive
3final state F and the unspecified remnants X in terms
of the parton luminosity dLij/dτ and the corresponding
partonic sub-process cross section σˆ
σ(`+`− → F +X) = ∫ 1
τ0
dτ
∑
ij
dLij
dτ σˆ(ij → F ), (6)
dLij
dτ =
1
1+δij
∫ 1
τ
dξ
ξ
[
fi(ξ,Q
2)fj
(
τ
ξ , Q
2
)
+ (i↔ j)
]
,
where τ = sˆ/s with
√
s (
√
sˆ) the collider (parton)
c.m. energy. The production threshold is τ0 = m
2
F /s.
In presenting our results for production of SM parti-
cles at a high-energy lepton collider, for definitiveness, we
consider a future µ+µ− collider with multi-TeV energies.
It is informative to first examine the parton luminosities
as shown in Fig. 2(b), with a variety of partonic initial
states. Although we properly evolve the EW PDFs ac-
cording to the unbroken SM gauge groups, we convert
the states back for the sake of common intuition, shown
in the figure for µ+µ−, νµν¯µ, γγ/ZZ/γZ, WTWT and
WLWL. We see that the fermionic luminosities peak near
the machine c.m. energy τ ≈ 1, while the gauge boson lu-
minosities, generically called vector boson fusion (VBF)
dominate at lower partonic energy
√
sˆ. As noted ear-
lier, the neutral gauge boson luminosities are the largest,
followed by WT and WL.
We emphasize the “inclusiveness” of the production
processes. For example, for an exclusive final state of
tt¯ production, one needs to sum over all the observa-
tionally indistinguishable partonic contributions in the
initial state µ+µ−, γγ, γZ, ZZ,W+W− → tt¯. Since
the collinear remnants are not observationally resolved,
one cannot separate the µ+µ−/νµν¯µ annihilations from
the VBF. For this reason, we call such processes, i.e.,
µ+µ− → tt¯ “semi-inclusive”. This is analogous to the
tt¯ production at hadron colliders from the partonic sub-
processes qq¯, gg → tt¯.
In Fig. 3(a), we show the semi-inclusive production
cross sections at a µ+µ− collider versus the collider
c.m. energy
√
s from 1 TeV to 30 TeV. We choose the fac-
torization scale Q =
√
sˆ/2 in calculating the EW PDFs.1
The solid curves are the total cross sections for the semi-
inclusive processes for
µ+µ− →W+W−, H, ZH, tt¯, HH and tt¯H, (7)
combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions
by the dashed curves,2 and the fermionic contributions
1To validate the EW PDF approximation and to regularize the
collinear behavior for the partonic scattering processes, we have im-
posed an angular cutoff in the c.m. frame cos θ < 1−m2/sˆ, where m
is the relevant particle mass involved in the process. The W+W−
final state is singular due to the t-channel photon exchange. We
thus have included a tighter cut cos θ < 0.99 and
√
sˆ > 500 GeV.
2Many of the VBF processes have been calculated recently in
Ref. [25] at the tree-level. We have good agreements with theirs
where ever they overlap.
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FIG. 3. Production cross section for semi-inclusive processes
at a µ+µ− collider versus the c.m. energy. The solid curves are
for (a) the total cross sections and the dashed (dotted) curves
from VBF (µ+µ− annihilation) with EW PDF, and (b) for tt¯
production decomposed to the underlying contributions from
µ+µ−, γ/Z/γZ,WTWT , WTWL and WLWL.
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FIG. 4. Normalized differential distributions for the final state
tt¯ system (a) the invariant mass mtt¯ and (b) the rapidity ytt¯.
by the dotted curves, respectively, below the solid curves.
It is important to note that, although there is no logarith-
mic evolution for the WL PDF, the partonic sub-process
cross sections are much enhanced for WLWL, ZLZL →
tt¯, tt¯H and H,ZH,HH, due to the Goldstone-boson in-
teractions. The VBF processes take over the annihilation
channels at higher energies
√
s ≈ 2.3, 3.5, 6.5 TeV for
W+W−, tt¯ and tt¯H, respectively. To appreciate the in-
dividual contributions from the underlying partonic sub-
processes, we decompose them for the process µ+µ− → tt¯
versus the c.m. energy, as shown in Fig. 3(b) for µ+µ−,
γγ/γZ/ZZ, WTWT , WTWL as well as WLWL. As ex-
pected, the QED contribution remains to be the leading
channel. Not well appreciated, the WLWL/WTWL con-
tributions become as significant.
We now examine the kinematic distributions for
the final state tt¯ system, for the individual contribu-
tions µ+µ−, γ/Z,WTWT ,WTWL and WLWL. Shown in
Fig. 4(a) are the normalized invariant mass distributions
mtt¯. We see that, for the µ
+µ− annihilation, the distri-
bution is sharply peaked at the collider c.m. energy, with
a tail due to the radiative return. For the VBF, they are
peaked after the 2mt threshold. We show in Fig. 4(b)
the normalized rapidity distributions of the system ytt¯.
Again, events from the µ+µ− annihilation are sharply
central, while those from VBF are spread out, reflecting
the boost due to the momentum imbalance between the
two incoming partons.
We summarize our results utilizing the EW PDFs in
Table I for a few characteristic processes for a muon col-
lider with a few representative energies 1, 3, 10, 14 and 30
TeV. For the sake of illustration, we once again separate
4the partonic sub-processes by the fermionic annihilation
and by VBF.
IV. Discussions and Conclusion
Several remarks are in order.
• The naive EPA is inadequate at high scales. The QED
evolution of ln(Q2/m2`) in the γ-PDF should capture the
dominant effect at an appropriate physical scale Q2. Al-
though the Z contribution is typically small until reach-
ing a very high scale, the mixed state γZ(BW 3) needs to
be taken into account that often interferes destructively.
• The EW PDF approach allows for calculating individ-
ual contributions from the polarized initial state partons,
with correlations to the corresponding sub-process ma-
trix elements. This is an important feature when polar-
ization is needed for exploring a certain type of under-
lying dynamics. This option would be unavailable with
the fixed order (FO) diagrammatic calculations [25–27].
In addition, the FO calculations may face a tremendous
challenge for numerical stability dealing with the large
collinear logs ln(Q2/m2`).• Although no logarithmic grow for the longitudinally
polarized gauge boson PDFs, the large Yukawa coupling
to the top quark and the scalar self-interaction of the
Goldstone bosons make the sub-processes substantially
enhanced, as seen for the VBF production of tt¯, tt¯H, ZH
and HH.
• When expanding our DGLAP resummation formalism
in a perturbation series, we found that we could reach
a percentage accuracy by three (five) interactions for
fermionic (bosonic) PDFs. Physically, this corresponds
to a showering process with consecutive collinear radia-
tions.
• For the PDFs of fermions with a bare SU(2) charge,
due to the incomplete cancellation of the infrared diver-
gence, they are not exactly factorizable. This is known
as the violation of the Block-Nordsieck theorem [15, 20].
This does not possess a problem to the beam (valence)
lepton because it is a numerically small higher order cor-
rection. This could lead to an unphysical solution to the
dynamically generated neutrinos. We impose an infrared
cutoff as a regulator τmax = 1 −MZ/
√
sˆ, which assures
the resummation to a double-log accuracy [16].
• Although we focused on a µ+µ− collider in our presen-
tation, the EW PDF formalism is equally applicable for
e+e− colliders. The only difference is the QED radiation
effects, further enhanced by a factor ln(m2µ/m
2
e). It is
also straightforward to apply our formalism to the high
energy hadron colliders, although the photon PDF of the
proton at a low scale is more subtle [28].
In summary, we advocated that all particles accessible
under the SM interactions should be viewed as EW par-
tons in high energy leptonic collisions well above the EW
scale. We presented a systematic approach to define the
EW PDFs for leptons and gauge bosons accurate to the
order of NLL under the unbroken gauge symmetry. We
calculated the production cross sections for some charac-
teristic SM processes at a high-energy muon collider in
the EW PDF formalism. Polarized partonic cross sec-
tions can be evaluated individually that are desirable for
exploring new physics beyond the Standard Model at fu-
ture high energy colliders.
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